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Abstract – We analyze the influence of the gravitational field produced by a slowly rotating black
hole with a cosmic string along the axis of symmetry on a massive scalar field. Exact solutions of
both angular and radial parts of the Klein-Gordon equation in this spacetime are obtained, and
are given in terms of the confluent Heun functions. We emphasize the role of the presence of the
cosmic string in these solutions. We also investigate the solutions in regions near and far from
the event horizon. From the radial solution, we obtain the exact wave solutions near the exterior
horizon of the black hole, and discuss the Hawking radiation of massive scalar particles.
Introduction. – The knowledge of the behavior of
different fields which interact with the gravitational field
of black holes, certainly, will give us some relevant infor-
mations about the physics of these objects. In partic-
ular the scalar field constitues one of these fields which
may give us important informations about the physics of
a black hole. Along this line of research, the separability
of the Klein-Gordon equation has been studied in different
black hole backgrounds [1–3]. Others studies include the
determination of solutions of the Klein-Gordon equation
in different black hole gravitational fields as well as their
consequences [4–7].
The cosmic string is a linear topological defect predicted
in some gauge field theories [8] as a result of phase transi-
tions and are topologically stable. It can either form closed
loops or extend to infinity, and is characterized by its ten-
sion, Gµ, where G is the Newton’s gravitational constant
and µ is the mass per unit length of the string [9].
The spacetime geometry associated with a static,
straight infinite and infinitely thin cosmic string has a
conical structure. The spacetime metric is given by ds2 =
dt2 − dr2 − (1 − 4Gµ)2r2 dφ2 − dz2. This metric can be
obtained from the one corresponding to a string with a
given radius by letting this radius go to zero and keeping
the parameter µ constant.
It is locally flat, except on the localization of the string
where it has a delta shaped curvature tensor. The sec-
tion perpendicular to the cosmic string has an azimuthal
deficit angle given by ∆φ = 8piGµ. This means that this
spacetime is locally flat but not globally. The local flatness
of the spacetime surrounding a cosmic string means that
there is no local gravitational force. However, there exist
some interesting gravitational effects associated with the
non-trivial topology of the spacelike section arround the
cosmic string. Among these effects, a cosmic string can
act as a gravitational lens, it can induce a finite electro-
static self-force on an eletric charged particle, the emission
of radiation by a freely moving particle, and many other
effects [10].
In principle, a cosmic string can appear not as a single
object in empty space, but rather as part of a larger grav-
itational system, as for example, passing through a black
hole. In general, solutions of Einstein’s equations can be
constructed by including a cosmic string [11], where some
investigations were done revealing the role played by the
cosmic string. In this case, the spacetime with a cosmic
string can be constructed by removing a wedge, that is, by
requiring that the azimuthal angle around the axis of sym-
metry runs over the range 0 < φ < 2pib, with b = 1−4Gµ.
Then, gluing together the resulting edges we get the space-
time with a cosmic string.
Hawking radiation is an interesting phenomenon which
corresponds to a spontaneous emission of black body ra-
diation by black holes, whose original prediction was done
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by calculating the thermal radiation emitted by a spher-
ically symmetric black hole [12]. The studies concerning
this phenomenon were carried on by using different meth-
ods [13–15]. In particular, the emission of scalar particles
by black holes has been an object of investigation in recent
years [16].
In this letter, we obtain the exact solutions of the Klein-
Gordon equation for a massive scalar field in the Lense-
Thirring spacetime with a cosmic string passing through
it, valid in the whole space that corresponds to the region
between the exterior event horizon and infinity. They are
given in terms of solutions of the Heun equations [17]. In
this sense, we extend the range in which the solutions are
valid as compared with the ones obtained in the literature
[18]. We also analyze the asymptotic behavior of the so-
lutions. Using the radial solution which is given in terms
of the confluent Heun functions and taking into account
their properties, we study the Hawking radiation of mas-
sive scalar particles.
Lense-Thirring spacetime with a cosmic string.
– The metric generated by a black hole with angular
momentum per mass, a, and mass (energy), M , in the
limit of slow rotation, that is, a2 ≈ 0, which corresponds
to the Lense-Thirring metric [19], whose line element, in
the Boyer-Lindquist coordinates, is given by
ds2 =
∆
r2
dt2 − r
2
∆
dr2 − r2 dθ2 − r2 sin2 θ dφ2
+
4aM sin2 θ
r
dt dφ , (1)
where ∆ = r2 − 2Mr. The line element above is the first
approximation of the Kerr solution, valid up to first order
in a/r. The order of approximation considered simplifies
our result and at the same time is enough for our pro-
posals, because what we want is to show up the effect of
rotation combined with the one produced by the cosmic
string.
Now, let us introduce a cosmic string in the Lense-
Thirring spacetime. This can be made simply redefining
the azimuthal angle φ in such a way that φ → bφ. Do-
ing this, we obtain the metric corresponding to a Lense-
Thirring spacetime with a cosmic string passing through
it, which can be rewritten as [11]
ds2 =
∆
r2
dt2 − r
2
∆
dr2 − r2 dθ2 − b2r2 sin2 θ dφ2
+
4aMb sin2 θ
r
dt dφ , (2)
where the parameter b, which codifies the presence of the
cosmic string, is such that 0 < b < 1.
In the particle models which predict cosmic string so-
lutions, these topological defects appear, in fact, as a set
of infinite strings as well as string loops. In this paper
we will consider just a static, infinite and straight cosmic
string and as consequence we will not take into account
the phenomena concerning gravitational accretion nor the
formation of wiggly strings. Therefore, we can consider
the total mass of the system under consideration as a con-
stant.
From Eq. (2), we have that the horizon surface equation
is obtained from the condition
∆ = (r − r+)(r − r−) = 0 . (3)
The solutions of Eq. (3) are
r+ = 2M, r− = 0 , (4)
and correspond to the event and Cauchy horizons of the
background under consideration.
The gravitational acceleration on the background hori-
zon surface, r+, is
κ+ ≡ 1
2r2+
d∆
dr
∣∣∣∣
r=r+
=
1
2r+
=
1
4M
. (5)
Thermodynamics. Let us derive the thermodynamic
quantities associated with the Lense-Thirring black hole
pierced by a cosmic string along the axis of rotation.
The Hawking radiation temperature in geometric units,
T+, and the surface area of the horizon in the presence of
a cosmic string, A+,b, are given by
T+ =
κ+
2pi
=
1
8piM
, (6)
A+,b =
∫ ∫ √−g dθ dφ
∣∣∣∣
r=r+
= 4pir2+b , (7)
where g ≡ det(gστ ) = −b2r4 sin2 θ. Hence, the entropy
at the event horizon in the presence of the cosmic string,
S+,b, is given by
S+,b =
A+,b
4
= pir2+b = 4piM
2b . (8)
From Eq. (2), the dragging angular velocity of the exterior
horizon in the presence of the cosmic string, Ω+,b, is given
by
Ω+,b = −g03
g33
∣∣∣∣
r=r+
=
a
r2+b
=
a
4M2b
. (9)
The Komar’s mass and angular momentum are
Mphys =Mb, Jphys = Jb , (10)
so that the ratio a = J/M = Jphys/Mphys remains un-
changed. From Eq. (10) we obtain
Eb = Ephys , (11)
which means that the physical energy of the Lense-
Thirring spacetime is decreased due to the presence of a
cosmic string.
These quantities given by Eqs. (6)-(11) for the event
horizon of the black hole with a cosmic string satisfy the
first law of thermodynamics, namely,
dEphys = T+ dS+,b +Ω+,b dJphys . (12)
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The Klein-Gordon equation in a Lense-Thirring
spacetime with a cosmic string. – We want to study
the behavior of scalar fields in the curved spacetime gener-
ated by a slowly rotating black hole with a cosmic string
passing through it, along the axis of symmetry. To do
this, we must solve the covariant Klein-Gordon equation,
which has the form[
1√−g ∂σ(g
στ√−g∂τ ) + µ20
]
Ψ = 0 , (13)
where µ0 is the mass and the units c ≡ h¯ ≡ 1 were chosen.
From now on we will also choose G = 1.
Due to the time independence and symmetry of the
spacetime with respect to rotation, the solution of Eq. (13)
can be written as
Ψ = Ψ(r, t) = R(r)S(θ)eimφe−iωt , (14)
where m = ±1,±2,±3, ... is the azimuthal quantum num-
ber. Substituting Eqs. (2) and (14) into Eq. (13), this
equation can be separated into two equations for S(θ) and
R(r), namely,
1
sin θ
d
dθ
(
sin θ
dS
dθ
)
+
(
λ− m
2
b2 sin2 θ
)
S = 0 , (15)
d
dr
(
∆
dR
dr
)
+
[
ω2r4
∆
− 4Maωmr
b∆
− (µ20r2 + λ)
]
R = 0 ,
(16)
where λ is a constant. In what follows we will solve exactly
the angular and radial parts of the Klein-Gordon equation,
given by Eqs. (15) and (16), respectively.
Angular equation. Note that the presence of the cos-
mic string modifies slightly the angular part of the Klein-
Gordon equation with respect to the case without the cos-
mic string which can be obtained by simply taking b = 1.
This modification is reflected in the constant m, which
turns to be m(b) ≡ m/b. In the specific case in which
b = 1, Eq. (15) has solutions which corresponds to the
associated Legendre polynomials, Pml (cos θ), with eigen-
values λlm = l(l + 1), where l,m are integers such that
|m| ≤ l. It can be shown that the function S = S(θ)
which solves Eq. (15) for b 6= 1, has solutions that can be
expressed in terms of the confluent Heun functions.
We can rewrite Eq. (15) in the form which resembles
a Heun equation, by defining a new angular coordinate
x = cos2 θ, as
d2S
dx2
+
(
1/2
x
+
1
x− 1
)
dS
dx
+
{
λ−m2(b)
4
1
x
+
m2(b) − λ
4
1
x− 1 −
[m(b)
2
]2 1
(x− 1)2
}
S = 0 . (17)
Now, let us perform a transformation in order to reduce
the power of the term proportional to 1/(x− 1)2. This is
a s-homotopic transformation of the dependent variable,
S(x) = (x− 1)A1U(x), where A1 = m(b)/2. The function
U(x) satisfies the following equation
d2U
dx2
+
(
1/2
x
+
2A1 + 1
x− 1
)
dU
dx
+
{
[−2A1 + λ−m2(b)]/4
x
+
[2A1 − λ+m2(b)]/4
x− 1
}
U = 0 ,
(18)
which is similar to the confluent Heun equation [20] given
by
d2U
dx2
+
(
α+
β + 1
x
+
γ + 1
x− 1
)
dU
dx
+
(
µ
x
+
ν
x− 1
)
U = 0 ,
(19)
where U(x) = HeunC(α, β, γ, δ, η;x) are the confluent
Heun functions, with the parameters α, β, γ, δ and η,
related to µ and ν by µ = (α − β − γ + αβ − βγ)/2 − η
and ν = (α+ β + γ + αγ + βγ)/2 + δ + η.
Thus, the general solution of the angular part of the
Klein-Gordon equation for a massive scalar field in the
Lense-Thirring spacetime with a cosmic string, in the ex-
terior region of the event horizon, given by Eq. (17) over
the entire range 0 ≤ x <∞, can be written as
S(x) = (x− 1) 12γ
× {C1 HeunC(α, β, γ, δ, η;x)
+ C2 x
−β HeunC(α,−β, γ, δ, η;x)} , (20)
where C1 and C2 are constants, and the parameters α, β,
γ, δ, and η are now given by:
α = 0; β = −1
2
; γ = m(b); δ = 0; η =
1 +m2(b) − λ
4
.
(21)
These two functions form linearly independent solutions
of the confluent Heun differential equation, provided β is
not integer. Note the dependence of the angular solution
with the parameter b, associated with the presence of the
cosmic string.
Radial equation. In order to solve the radial part of
the Klein-Gordon equation, let us use Eq. (3) and define
a new coordinate, x, such that [18]
Mx = r − r+ = r − 2M . (22)
The new coordinate is such that when r → r+, x → 0,
and when r → ∞, x → ∞. We are interested to study
the behavior of the fields only in the exterior region to the
event horizon, namely, for r > r+, which corresponds to
0 ≤ x <∞, in terms of the new coordinate.
Now, defining a new function by R(x) = Z(x)[x(x +
2)]−1/2, and changing the variable from x to z, through
the relation
z = −x
2
, (23)
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Eq. (16) can be written as
d2Z
dz2
+
[
4M2(ω2 − µ20) +
A
M2z2
+
−2B
M2z
+
C
M2(z − 1)2 +
−2D
M2(z − 1)
]
Z = 0 , (24)
where the coefficients A, B, C, and D are given by:
A =
1
4
[
M2 − 8m(b)aωM2 + 16ω2M4
]
;
B =
1
4
[−M2 − 2M2λ− 8µ20M4 + 4am(b)ωM2
+16ω2M4];
C =
M2
4
;
D =
1
4
[M2 + 2M2λ− 4am(b)ωM2] . (25)
The normal form of the confluent Heun equation is given
by [17]
d2Z
dx2
+
[
B1 +
B2
x2
+
B3
x
+
B4
(x− 1)2 +
B5
x− 1
]
Z = 0 ,
(26)
with
Z(x) = U(x)e
1
2
∫
(α+ β+1x +
γ+1
x−1 )dx , (27)
where the coefficients B1, B2, B3, B4, and B5 are given
by:
B1 ≡ −1
4
α2; B2 ≡ 1
4
(1− β2); B3 ≡ 1
2
(1 − 2η);
B4 ≡ 1
4
(1− γ2); B5 ≡ 1
2
(−1 + 2δ + 2η) . (28)
Thus, the general solution of the radial part of the Klein-
Gordon equation for a massive scalar field in the Lense-
Thirring spacetime with a cosmic string, in the exterior
region of the event horizon, given by Eq. (24) over the
entire range 0 ≤ x <∞, can be written as
R(z) =
M
∆1/2
e
1
2αz(z − 1) 12 (1+γ)z 12 (1+β)
× {C1 HeunC(α, β, γ, δ, η; z)
+ C2 z
−β HeunC(α,−β, γ, δ, η; z)} , (29)
where C1 and C2 are constants, and the parameters α, β,
γ, δ, and η are now given by:
α = 4M(µ20 − ω2)1/2; β = i4M
[
ω − am(b)
4M2
]
; γ = 0;
δ = 4M2
(
µ20 − 2ω2
)
;
η = −4M2 (µ20 − 2ω2)+ 2am(b)ω − λ . (30)
These two functions form linearly independent solutions
of the confluent Heun differential equation provided β is
not integer, which is consistent with the fact that there is
not any specific physical reason to impose that β should
be an integer.
Now, let us analyze the asymptotic behavior of the gen-
eral solution of Eq.(24), given by Eq.(29), over the range
0 ≤ x <∞. Firstly, we will consider a region close to the
event horizon, which means that r → r+, that is, x → 0.
Secondly, we will consider a region very far from the black
hole, that is, r →∞, or equivalently, x→∞.
It is important to take these limits into account in order
to obtain the appropriate solutions to study the black hole
radiation, in which case we need to know the outgoing
wave at the horizon surface r = r+.
Case 1. When z → 0, we have that x→ 0 and r → r+.
Thus, using the expansion in power series of the confluent
Heun functions with respect to the independent variable
z, in a neighborhood of the regular singular point z = 0
[17], we get
HeunC(α, β, γ, δ, η; z) = 1 +
1
2
a1z + ... , (31)
where a1 = (−αβ + βγ + 2η − α + β + γ)/(β + 1). The
solutions of (24), in this limit, are given by
Z(x) ∼ C1
(
−x
2
) 1
2+m¯
+ C2
(
−x
2
) 1
2−m¯
, (32)
with m¯2 = 1/4−A/M2.
At this point, we can compare the obtained result with
the ones given in [18]. Note that there is a difference be-
tween the functional form of the asymptotic behavior of
the general solution of the radial equation obtained ana-
lytically, given by Eq.(32), and the approximated solution
obtained in [18], which is given by
Z(x) ∼ C1 e−
√
Fx(2
√
Fx)
1
2+m¯ + C2 e
−
√
Fx(2
√
Fx)
1
2−m¯ ,
(33)
where F =M2(µ20 − ω2)−C/4M2 −D/2M2. It is worth
noticing that expanding Eq. (33) up to first order in terms
of x = (r − r+)/M , we conclude that the results given
by Eqs. (32) and (33) are in accordance. In fact, the for-
mal difference concerns to a multiplicative constant, which
should be adjusted appropriately.
Case 2. When |z| → ∞, we have that |x| → ∞ and
r →∞. Thus, using the fact that in the neighborhood of
the irregular singular point at infinity, the two solutions of
the confluent Heun equation exist, in general they can be
expanded (in a sector) in the following asymptotic series
[17]
HeunC(α, β, γ, δ, η; z) ∼ z−β+γ+22 (C1 z− δα +C2 z δα e−αz) ,
(34)
where we are keeping only the first term of this power-
series asymptotics. Thus, the solutions of Eq. (24), in this
limit, are given by
Z(x) ∼ C1 e−M [(µ
2
0−ω2)1/2x]
(
−x
2
)κ
+C2 e
+M [(µ20−ω2)1/2x]
(
−x
2
)−κ
, (35)
p-4
Scalar fields in the Lense-Thirring background with a cosmic string and Hawking radiation
where κ = (B +D)/2M3(µ20 − ω2)1/2.
Therefore, at infinity, we have asymptotic forms which
are consistent with the fact that very far from the black
hole, the Lense-Thirring spacetime with a cosmic string
tends to Minkowski spacetime minus a wedge.
In this case there is also a difference between Eq.(35)
and the one obtained in [18], which is given by
Z(x) ∼ C1 e−
√
Gx
(
2
√
Gx
)κ
+ C2 e
+
√
Gx
(
2
√
Gx
)−κ
,
(36)
whereG =M2(µ20−ω2), provided µ20−ω2 6= 0. Once more,
the two results are equivalent, except for a multiplicative
constant.
Thus, we can conclude that all solutions of the Klein-
Gordon equation presented here, both angular and radial
parts, depend on the parameter b that defines the conicity
of the Lense-Thirring spacetime due to the presence of the
cosmic string. This means that the global aspects of this
spacetime associated with the cosmic string are codified
in these solutions.
Hawking radiation and analytic extension. –
From Eqs. (22), (23) and (31) we can see that the radial
solution given by Eq. (29), near the exterior event horizon,
that is, when r → r+, which implies that x → 0, behaves
asymptotically as
R(r) ∼ C1 (r − r+)β/2 + C2 (r − r+)−β/2 , (37)
where we are considering contributions only of the first
term in the expansion, and all constants are included in
C1 and C2. Thus, considering the time factor, near the
black hole event horizon r+, this solution is given by
Ψ = e−iωt(r − r+)±β/2 . (38)
Substituting Eqs. (5) and (9) into Eq. (30), for the param-
eter β, we get
β
2
=
i
2κ+
(ω − ω0,b) , (39)
where ω0,b = mΩ+,b.
Therefore, on the black hole exterior horizon surface,
the ingoing and outgoing wave solutions are
Ψin = e
−iωt(r − r+)−
i
2κ+
(ω−ω0,b) , (40)
Ψout(r > r+) = e
−iωt(r − r+)
i
2κ+
(ω−ω0,b) . (41)
These solutions depend on the parameter b, in such a way
that the total energy of the radiated particles is decreased
due to presence of the cosmic string. It is worth calling
attention to the fact that we are using the analytical solu-
tion of the radial part of the Klein-Gordon equation in the
spacetime under consideration, differently from the calcu-
lations usually done in the literature, as for example in
[21, 22].
Using the definitions of the tortoise and Eddington-
Finkelstein coordinates, and taking into account that a2 ≈
0, we get:
dr∗ =
r2
∆
dr; ln(r − r+) = 1
r2+
d∆
dr
∣∣∣∣
r=r+
r∗ = 2κ+r∗;
rˆ =
ω − ω0,b
ω
r∗; v = t+ rˆ . (42)
In those new coordinates, we obtain the following ingoing
and outgoing wave solutions:
Ψin = e
−iωv ; (43)
Ψout(r > r+) = e
−iωv(r − r+)
i
κ+
(ω−ω0,b) . (44)
The solutions (43) and (44), in the case b = 1, are exactly
the solutions obtained in our recent paper [16] (putting
Q = 0, and a2 ≈ 0 in their Eqs.(96) and (97)).
From Eq. (44), we see that this solution is not analyt-
ical in the exterior event horizon r = r+. By analytic
continuation, rotating −pi through the lower-half complex
r plane, we obtain (r−r+)→ |r − r+| e−ipi = (r+−r)e−ipi.
Thus, the outgoing wave solution on the horizon surface
r+ is
Ψout(r < r+) = e
−iωv(r+ − r)
i
κ+
(ω−ω0,b)e
pi
κ+
(ω−ω0,b) .
(45)
Equations (44) and (45) describe the outgoing wave out-
side and inside of the black hole, respectively. Therefore,
for an outgoing wave of a particle with energy ω, and
angular momentum m, the outgoing decay rate or the rel-
ative scattering probability of the scalar wave at the event
horizon surface r = r+ is given by
Γ+ =
∣∣∣∣Ψout(r > r+)Ψout(r < r+)
∣∣∣∣
2
= e
− 2piκ+ (ω−ω0,b) . (46)
Radiation spectrum. – After the black hole event
horizon radiates particles with energy ω and angular mo-
mentum m, in order to consider the reaction of the ra-
diation of the particle to the spacetime, we must replace
Mphys, Jphys by Mphys−ω, Jphys−m, respectively, in the
line element of the spacetime under consideration. Doing
these changes, we must guarantee that the total energy
and angular momentum of the spacetime are both con-
served, that is,
− ω = ∆Ephys, −m = ∆Jphys , (47)
where ∆Ephys and ∆Jphys are the physical energy and
Komar’s angular momentum variations of the black hole
event horizon, before and after the emission of radiation,
respectively. Substituting Eqs. (12) and (47) into Eq.(46),
we obtain the outgoing decay rate at the event horizon
surface r = r+:
Γ+ = e
− 2piκ+ (−∆Ephys−mΩ+,b) = e∆S+,b , (48)
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where ∆S+,b is the change of the Bekenstein-Hawking en-
tropy in the presence of the cosmic string, if we compare
situations before and after the emission of radiation, being
given by
∆S+,b = −4piω(2M − ω)b . (49)
Now, let us consider the Damour-Ruffini-Sannan method
[23, 24] which is valid to calculate the Hawking radiation
for static as well for stationary black holes and therefore
for a spacetime which is not globally hyperbolic. Thus,
we get the following Hawking radiation spectrum of scalar
particles
|Nω|2 = 1
e
2pi
κ+
(ω−ω0,b) − 1
=
1
e
h¯(ω−ω0,b)
kBT+ − 1
. (50)
Therefore, we can see that the resulting Hawking radia-
tion spectrum of scalar particles has a thermal character,
analogous to the black body spectrum. It is worth notic-
ing that the total energy of radiated scalar particles is de-
creased due to the presence of the cosmic string, more pre-
cisely, the dragging angular velocity of the exterior hori-
zon, Ω+,b, is amplified in comparison with the scenario
without a cosmic string [16].
Conclusions. – These solutions extend the ones ob-
tained in [18], in the sense that now we have analytic solu-
tions for all spacetime, which means, in the region between
the event horizon and infinity, differently from the results
obtained in [18] which are valid only in asymptotic regions,
namely, very close to the horizons and far from the black
hole. The radial solution is given in terms of the confluent
Heun functions, and is valid over the range 0 ≤ z < ∞.
As to the solution of the angular part, it also is given in
terms of the confluent Heun functions.
We obtained the solutions for ingoing and outgoing
waves near the exterior horizon of a Lense-Thirring black
hole with a cosmic string, and used these results to discuss
the Hawking radiation, in which we considered the proper-
ties of the confluent Heun functions to obtain the results.
This approach has the advantage that it is not necessary
to introduce any coordinate system, as for example, the
particular one [21], the tortoise or Eddington-Finkelstein
coordinates [22]. As the dragging angular velocity of the
exterior horizon, Ω+,b, depends on the conicity, this quan-
tity codifies the presence of the cosmic string, and in fact,
is amplified by the presence of this topological defect.
From the local point of view, the gravitational field as-
sociated with the Lense-Thirring black hole with a cos-
mic string remains axially symmetric. But globally this
symmetry was broken, and this fact produces some mod-
ifications in the physical states of the particles. The wave
function depends on the parameter b that codifies the pres-
ence of the string, and as a consequence all other physical
quantities are also influenced by the presence of the cosmic
string.
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